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Abstract
The path integral for higher-derivative quantum gravity with torsion is considered.
Applying the methods of two-dimensional quantum gravity, this path integral is analyzed
in the limit of conformally self-dual metrics. A scaling law for fixed-volume geometry is
obtained.
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It is widely known that higher-derivative quantum gravity is multiplicatively renor-
malized [1] and that it is an asymptotically free theory [2]. It provides a very natural
framework for a consistent theory of quantum gravity and for unification with matter.
Unfortunately, in spite of the numerous efforts by different people [1-5], the unitarity of
this theory is still an unsolved problem (for a general review of higher-derivative gravity
and of GUTs interacting with higher-derivative gravity see [6]).
On the other side, it is known that higher-derivative quantum gravity with torsion
can also be multiplicatively renormalized, and that it is unitary (free of ghost poles),
at least for some values of the parameters involved an at the tree level [7]. It can be
therefore interesting to study the properties of this theory on the quantum level in some
detail, because it can provide a new framework for a consistent theory of quantum gravity.
However, higher-derivative gravity with torsion [7] is very complicated —already at the
classical level— and some reasonable simplifications must be introduced from the begining.
A slightly simplified version of the full theory, which has been discussed in [6], is
described by the following Lagrangian:
LG = λ0 + γ0R + η0R
2 + ρ0F + α01F
2
µν + α02(∇µSµ)2 + α03(SµSµ)2
+ α04R
µνSµSν + α05RSµS
µ + γ0α06SµS
µ + surface terms. (1)
Here F = C2µναβ is the Weyl tensor, Rµν the Ricci tensor, and R the curvature, associated
with ∇µ (the covariant derivative without torsion), Fµν = ∇µSν − ∇νSµ, with Sν =
iǫαβµνTαβµ, being Tαβµ the torsion tensor and, finally, λ0, . . . , α06, are the bare coupling
constants of the theory.
We shall consider the case when only the antisymmetric part of the torsion (i.e., Sµ) is
non-zero, while all the other components of the torsion are zero. Notice that torsion can
minimally interact with matter (spinors) only through the Sµ. Another reason in favor
of our restriction is the fact that the vector Sµ is most important for the cosmological
applications of gravity with torsion.
A theory with the Lagrangian (1) is multiplicatively renormalized. The perturbative
approach to this theory has not been developed yet (one may even question its existence),
due to the presence of the vector field Sµ, which is not the gauge field. We do not have a
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gauge-fixing term for it, and we do not even know how to construct the propagator.
The purpose of this letter is to show that some quantum elements and properties of
the theory (1) —such as its path integral in the self-dual limit and some scaling laws—
can be investigated. The path integral which is interesting for our analysis is the following
(written in Euclidean coordinates)
∫
DgµνDSαDψ exp
(
−Sm[g, Sµ, ψ]−
∫
M
d4x
√
gLG
)
O1[g, Sµ, ψ] · · ·On[g, Sµ, ψ], (2)
where ψ is the set of matter fields, Sm is the conformally invariant free matter action, LG
is given by eq. (1), the manifold M has a fixed topology, and the Oi, i = 1, . . . , n, are
some operators.
We now follow ref. [8], where the path integral (2) without torsion and in the self-dual
limit ρ0 → ∞ has been studied. Presumably, such limit describes the infrared dynamics
of four-dimensional quantum gravity [9] (see also [10]). When ρ0 →∞, the path integral
over gµν becomes the integral over conformally self-dual metrics. Notice that the delta
function arising from the conformally self-dual part of the Weyl tensor reduces the integral
over the 10 components of gµν to an integral over 5 components only [8].
Explicitly, the conformally self-dual metric has the form
g0 =
(
ĝ(mi)e
Φ
)ξ
, (3)
where ĝ(mi) can be fixed via R̂ = 0 and ∂
µĝµν = 0. The mi parametrize the moduli space
of conformally self-dual metrics (see [11]) up to Weyl transformations, gµν → gµνeΦ, and
diffeomorphisms, xµ → xµ + ξµ (see [8] for details). With the above choice,
δgµν = g0µνδΦ+∇(µδξν) + δh¯µν . (4)
In the limit ρ0 → ∞, the integral over δh¯µν can be calculated, with the following result
[8]
∫
Sµ
∫ ∏
i
dmiDΦdet(O+O)−1/2ĝeΦ det(L+L)
1/2
ĝeΦ
× det
(
✷
mat(Sµ)
)−1/2
ĝeΦ
exp
[
−
∫
d4x
√
gLG|ρ=0
]
, (5)
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where the contribution of the matter partition function is denoted by det (✷mat)
−1/2
(of
course, for spinors the sign of the exponent, −1/2, is reversed), and the number of degrees
of freedom (spinors, gauge fields) should be also taken into account. Moreover, (L+L)µν =
−2(δµν✷+ 12∇µ∇ν+Rµν ). O+O is a conformally invariant fourth-order differential operator
acting on tensors and coming from the expansion of C2µναβ (see [8,12]). Finally, the integral
over the diffeomorphism group, Dξ has been dropped.
Let us concentrate now on the integral
∫ DΦ. To decouple the determinants from Φ
we should look to the conformal anomaly of matter. The conformal matter action is given
by [6]2
Sm =
∫
d4x
√
g
[∑
i
ϕi
(
✷− 1
6
R − ξSµSµ
)
ϕi
+
∑
j
iψ¯j (γ
µ∇µ − ζγ5γµSµ)ψj
 . (6)
Here ξ and ζ are the constants of non-minimal coupling of matter with torsion, and the
ϕi and ψj are the scalars and spinors, respectively. Note that the values ξ = 0, ζ = 1/8
correspond to the minimal interaction of matter with torsion. (In two dimensions matter
does not interact minimally with torsion). Note also that the action of gauge fields is the
same as in the absence of torsion.
The trace anomaly has the following form [6]
< T µµ > =
2√
g
δS[ĝ,Φ, Sµ]
δΦ
= − 1
(4π)2
[
a
(
F − 2
3
✷R
)
+ bG
+ a1F
2
µν + a2(SµS
µ)2 + a3✷(SµS
µ) + a4∇µ(Sν∇νSµ − Sµ∇νSν)
]
(7)
+ λ′ + γ′R + γ′α′6SµS
µ + α′2(∇µSµ)2 + α′4RµνSµSν + α′5RSµSµ + b′✷R,
where the values (finite) of a and b are well known (see, for example, [12]), and [6]
a1 = a4 = −2
3
ζ2, a2 =
1
2
ξ2, a3 =
1
3
(
2ζ2 − 1
2
ξ2
)
. (8)
The divergent parameters α′, γ′, . . . , b′, renormalize the corresponding coupling constants.
2For a detailed (non-trivial) discussion of the real and imaginary parts of the euclidean matter action
in the (more simple) case of constant background fields see [13].
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Using the equation which is valid for conformally invariant differential operators
detXĝeΦ = detXĝ exp (−S[ĝ,Φ, Sµ]) , (9)
where Xĝ can depend on Sµ (Ŝµ = Sµ), if XĝeΦ depends on Sµ, and integrating over the
trace anomaly (7) [14] (see also [15,9]) for the case Sµ = 0), we can rewrite (5) as follows∫
DSµ
∫ ∏
i
dmiχ(mi, Sµ)
∫
DΦ exp (−S[ĝ,Φ, Sµ]) , (10)
where
χ(mi, Sµ) = det(O
+O)
−1/2
ĝ(mi)
det(L+L)
1/2
ĝ(mi)
det
(
✷
mat(Sµ)
)−1/2
ĝ(mi)
(11)
depends also on the torsion Sµ, due to the interaction of matter with torsion. We have
S[ĝ,Φ, Sµ] =
B0
32π2
S0[ĝ,Φ] +
A0
32π2
S1[ĝ,Φ] + η1SR2
+ γ1SR + λ1Scc +
(
α1 +
a1
(4π)2
)
SF +
(
α3 +
a2
(4π)2
)
S4 (12)
+
1
(4π)2
(
a3 +
1
2
a4
)
S2 +
a4
(4π)2
S21 + · · ·
Here
A0 = a0 + aL + amat, B0 = b0 + bL + bmat,
S0[ĝ,Φ] =
∫
d4x
√
ĝ
[
Φ∆Φ +
(
Ĝ− 2
3
✷̂ R̂
)
Φ
]
,
∆ = ✷̂ 2 + 2R̂µν∇̂µ∇̂ν − 2
3
R̂ ✷̂ +
1
3???
(∇̂µR̂)∇̂µ,
S1[ĝ,Φ] =
∫
d4x
√
ĝF̂Φ,
SR2 =
∫
d4x
√
ĝ
[
R̂− 3
2
(∇̂Φ)2 − 3 ✷̂Φ
]2
, (13)
SR =
∫
d4x
√
ĝ
[
R̂− 3
2
(∇̂Φ)2 − 3 ✷̂Φ
]
,
Scc =
∫
d4x
√
ĝe2Φ, SF =
1
2
∫
d4x
√
ĝF̂ 2µνΦ,
S4 =
1
2
∫
d4x
√
ĝŜ4µΦ, S2 =
1
4
∫
d4x
√
ĝŜ2∇̂µΦ∇̂µΦ,
S21 =
1
4
∫
d4x
√
ĝŜµŜν∇̂µΦ∇̂νΦ.
Here Ŝµ = Sµ, and a0, b0, aL and bL are the contributions from O
+O and L+L to the trace
anomaly.
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We do not write explicitly in (12) the terms dependent on torsion in which there is no
finite contribution from the conformal anomaly. (We will be interested only in the critical
point, where the corresponding renormalized coefficients in (1), i.e., α2, α4, α5 and α6 are
equal to zero). Note also that the Φ-independent terms have been omitted in (12). It is
interesting to notice that torsion in (12) has appeared in a much more complicated way
than in two dimensions, where it can be integrated over. Here we cannot even decouple
the Φ and Sµ terms in the path integral.
Now, the measure DĝeΦΦ can be treated as in two dimensions [16], and the Φ-depend-
ence can be absorbed in the coefficients of the gravitational part of (12) (Sµ = 0), as it
has been done in [8]. It changes the coefficients A and B, due to the contribution of the
operator ∆:
A =
1
120
(N0 + 6N1/2 + 12N1 − 8) + 199
30
, (14)
B = − 1
360
(N0 + 11N1/2 + 62N1 − 28)− 87
20
, (15)
where the last term in both brackets is the contribution of ∆ to the conformal anomaly
[10,12], and the last terms in (14) and (15) are the a0 + aL and b0 + bL found in [12],
respectively. These contributions are equal to the trace anomaly coefficients of conformal
quantum gravity3 (see ref. [2]).4
The additional contributions to the terms of conformal anomaly connected with torsion
are given only by the ∆-operator (which accounts for the torsionic terms from (13)). The
direct calculation we have done using the algorithm of fourth order operator divergencies
evaluation, gives for the coefficient which is of interest to us:
a
(∆)
2 =
1
4B40
[
1
2
a23 +
3
4
a3a4 +
5
16
a24
]
. (16)
Here, B0 (15) is given by the matter part only (the first three terms in (15)).
3This fact also ensures the validity of the so-called conformal regularization procedure [17] in conformal
Weyl gravity.
4It would be interesting to understand whether the coefficients A and B (i.e., their signs) can be
changed in some other conformal gravity model. For example, for the second-order conformal gravity
of [18] (i.e., O+O is of second order), we have b0 + bL = −27/20. Surely, the signs of A and B can be
changed in conformal supergravity (second ref. [15]).
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With A and B known, one can start the calculation of the vertex operators. For exam-
ple, we can look to the scaling (classical plus anomalous) dimension of eαΦ corresponding
to Scc =
∫
d4x
√
ĝe2αΦ and find it in terms of B [8]. We can also look to other gravitational
[10] or torsion vertex operators.
Finally, we will try to define the scaling law in the presence of torsion. Starting from
the fixed-volume partition function at the critical point (as in [8], η1 = γ1 = λ1 = 0
and the torsionic coupling constants where there is no contribution from the conformal
anomaly are also equal to zero), we get
∫
dSµ Z(V, Sµ) =
∫
DSµ
∫ ∏
i
dmiχ(mi, Sµ)
∫
DĝΦ
× exp
{
− B
32π2
S0[ĝ,Φ]− A
32π2
S1[ĝ,Φ]− 1
(4π)2
(
a3 +
1
2
a4
)
S2[ĝ,Φ, Sµ] (17)
− a4
(4π)2
S21[ĝ,Φ, Sµ]−
(
α1 +
a1
(4π)2
)
SF −
(
α3 +
a2
(4π)2
)
S4
}
δ
(∫
d4x
√
ĝe2αΦ − V
)
.
Using the properties of the exponential in (13) under the constant shift Φ → Φ + c, we
get
Z(V, S2µ) = exp
{[
−2α−Bχ + 3
2
Aτ −
(
α3 +
a2
(4π)2
)
S¯4
]
c
}
Z(e−2αcV, S2µ), (18)
where χ is the Euler characteristic of the manifold, τ its signature, and S¯4 =
1
2
∫
d4x
√
ĝS4µ.
It follows from (17), that
Z(V, S2µ) ∼ exp
{[
−1 + 1
4α
(
−2Bχ + 3Aτ − 2
(
α3 +
a2
(4π)2
)
S¯4
)]
lnV
}
. (19)
The scaling law (18) can be the starting point for computer simulations of the theory. Of
course, one can look to other scaling laws corresponding to fixed torsion.
In conclusion, we have discussed here the path integral corresponding to higher deriva-
tive quantum gravity with torsion in the self-dual limit, generalizing the work [8]. We have
found that torsion actually shows up in a very complicated way, and that it cannot be
integrated over, as in two dimensions [19]. Torsion does not decouple from the conformal
factor in this formalism. Of course, one can guess that using some other variables (as, for
example, vielbein and connection) the situation could be improved.
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Finally, the above approach can be critized on general grounds, because even the
classification of four-dimensional manifolds is not known (if it at all exists), and here we
cannot expect that the methods of two-dimensional quantum gravity can be very useful
in four dimensions. Nevertheless, our point is that already the fact that these methods
can be applied (as we have shown) in four dimensions for the discussion of some limiting
cases of the theory (1) —which probably cannot be formulated at all at the perturbative
level— actually seems very promising.
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